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A contribution to the n-p capture amplitude which results from the modification of the nucleon current 
operators by the nuclear interaction is calculated. The two-nucleon states are represented by Heitler-London 
states and the capture amplitude is related to single-nucleon matrix elements by means of an expansion cor­
responding to the exchange of mesons between the nucleons. These single-nucleon matrix elements are 
evaluated using the fixed-source theory. The one-meson excited Heitler-London state gives a contribution 
similar to the isobar model of Austern; the role of this state in the nuclear potential is also discussed. If a 
deuteron wave function with a relatively large Es ta t e probability is used, the interaction effect is about 3 % 
of the phenomenological cross section. 

I. INTRODUCTION 

TH E thermal n-p capture process provides a simple 
test of theories of the nuclear force at very low 

energy. The transition amplitude depends on the initial-
and final-state wave functions at small distances of 
separation as well as on the asymptotic form of the 
wave functions. However, it is also necessary to know 
the nature of the radiative interaction, and this means 
knowledge of the electromagnetic currents generated by 
the motion of the nucleons. These currents depend 
strongly on the internal structure of the nucleons, and 
when two nucleons are close together there is a modifica­
tion of this internal structure by the interaction between 
the nucleons. The total electromagnetic current can be 
expressed as a "classical" current, where each nucleon 
is assumed to have the same structure it would have if 
free, and corrections which are called interaction 
currents. 

At thermal energies, the capture transition is mag­
netic dipole and proceeds only from an incident S wave; 
the other quantum numbers of the incident state are 
isospin one and spin zero. A recent calculation by 
Austern and Rost,1 using an effective range expansion, 
has shown that the classical current alone gives a 
theoretical cross section (9.5±3.5)% lower than the 
experimental value. They suggested that the dis­
crepancy is due to interaction currents. There is another 
reason to consider that interaction currents may play 
a role. Meson theories of the tensor potential indicate 
that P D , the Z>-state probability of the deuteron, may 
be considerably larger than 4%, the value required to 
fit the deuteron magnetic moment without interaction 
effect. Detailed studies of the medium energy photo-
disintegration of the deuteron2 indicates that PD may 
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be nearly 7%. In view of the large interaction effect in 
the deuteron magnetic moment, it would not be sur­
prising to find interaction currents playing a significant 
role in the capture process. 

Some attempts,3 based on a Tamm-Dancoff approxi­
mation have been made to calculate the interaction 
effect in both the capture process and the deuteron 
magnetic moment, but these attempts gave negligible 
interaction effect. However, this result may be partially 
discounted because of the difficulties inherent to the 
Tamm-Dancoff method, and because the effect of the 
resonant pi-nucleon scattering state was not included. 
Recently, the Heitler-London method4 has been applied 
to the deuteron magnetic moment problem,6 the 
calculated interaction effects were large enough to be 
consistent with Pn^6 or 7%. The present work 
attempts to apply the same techniques to the capture 
amplitude. 

In the approximations used here, the Heitler-London 
method relates the capture amplitude to the pi-nucleon 
vertex function and the pi-nucleon scattering matrix, 
and the contribution of the resonant pi-nucleon scatter­
ing state is included in a straightforward manner. This 
contribution to the interaction current is the dominant 
effect which may be pictured as follows. An exchanged 
meson excites one nucleon into the resonant scattering 
state, the nucleons propagate for a short time, and then 
the scattering meson is absorbed and the photon emitted 
via the magnetic-dipole photoproduction process. The 
situation is similar to that of Austern's isobar model6 

used to explain the peak in the deuteron photodisinte-
gration cross section. 

Required to evaluate this contribution are the pi-
nucleon vertex function and the transition matrix in 
the f-f state. Since the static-source theory successfully 
describes these two properties of the pi-nucleon system, 
that theory will be used to provide the off-energy-shell 
extrapolations needed in this calculation. 

3 M. Sugawara, Progr. Theoret. Phys. (Kyoto) 14, 535 (1955); 
Phys. Rev. 99, 1601 (1955). 

4 R. E. Cutkosky, Phys. Rev. 112, 1027 (1958). 
5 H. D. Young and R. E. Cutkosky, Phys. Rev. 117, 595 (1960). 
6 N . Austern, Phys. Rev. 100, 1522 (1955). 
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II. THE MODEL 

We will follow the approach introduced by Cutkosky4 

and further described by Pendleton7 wherein the two 
nucleon states are expanded in terms of Heitler-London 
states. These states are perhaps best described by their 
explicit construction. We first introduce the operators, 
which acting on the physical vacuum state, create 
physical nucleon states, including scattered mesons 
where appropriate. The states produced are normalized 
eigenstates of both the total Hamiltonian H and the 
momentum operator, thus 

FKp)\0)=\p),H\p)=Ep\p), 

FkHp)\0)=\p,k),H\p,k)=(Ep+a>k)\p,k), 

where p is the nucleon variable including spin and 
isotopic spin, and k is the meson variable including 
isotopic spin, and8 

Ep
2=p2+tn2, m2=k2+l 

states with more scattering mesons are possible, but 
will not be necessary here. Of the many possible Ft that 
fulfill the above equations, we choose the one that 
contains only meson creation operators a^.9 The basic 
Heitler-London state is defined by 

Mpipz))=$FKpi)FKp2)\0), (1) 

and the first excited Heitler-London state by 

+Fi(piW(p2)-akW(p1)Fl(p2))\0). (2) 

Heitler-London states with more mesons can be easily 
constructed by obvious generalization. With the 
assumption that these form a normable and complete 
set of states, any two nucleon eigenstate may be 
represented by the expansion 

\f)=Z <P(plP*)\HplP*)) 
PXP2 

+ E V*(prf*)\*k(pip*))+---. (3) 
kpip2 

In the present work, the expansion will not be carried 
any further than the first two terms. 

For bound states, coupled equations for the ampli­
tudes <p, (fk can be obtained from the variational 
principle 

8(J,\H-E\f) = 0 (4) 

by varying <p and <pk. For scattering states similar 
equations can be obtained by the method of Pendleton.7 

These equations will involve various matrix elements of 
the Heitler-London states, and a notation for these 

7 H . N. Pendleton, Phys. Rev. 131, 1833 (1963). 
8 We use units such that h, c and the mass of the pion are one. 
9 We mean here physical meson creation operators. We assume 

that they may be derived by applying a unitary transformation 
to the bare meson operators so that the dressed operators obey 
canonical commutation relations. 

matrix elements will be introduced first. The normaliza­
tion of the basic state is 

(Hpip*) I W # 2 ' ) > = 1/2(2TT)6 

X^(p2~p2^(p1-p1
/)-P(p2-p1

/)d^pl-p2
/)2 

+ i ( W 2 ! ^ ' ) . (5) 

The function A describes the change in normalization 
of the basic state due to overlap between the two 
nucleons. I t will be convenient to occasionally use a 
matrix notation where the nucleon (but not the meson) 
variables are suppressed, and the antisymmetric 
occurrence of the delta functions is understood; thus 

( $ | $ } = i + , 4 = r - 2 . (6) 

In a similar manner, the other matrix elements needed 
are written 

(<f>\H\$)=Kr-2+U, (7) 

where K is the kinetic energy of the nucleons, 

(<M^)=5^r-2+^, (8) 
(**|ff | ^ > = [ 2 T + 1 / 2 («*+«*')] 

XZdwr^+Aml+dkvU+Ukk,, (9) 
and 

($k\H-E\<f>)=Wk. (10) 

The usefulness of the Heitler-London states is that 
the functions A, U, Wk, etc., can be expanded in a series 
that corresponds to increasing numbers of mesons being 
exchanged between the nucleons.4,7 Each term of these 
series can be related to observable (in general, off-
energy-shell) properties of single nucleon states. The 
coupled equations for the amplitudes are 

(K-E)T~2<p+ U<p+2kWkt<pk= 0 , (11) 

2l(K+^~E)(dklV~2+Akl)+8klU+Ukl2<Pi=-Wkcp. 

(12) 

For bound states, the amplitude <p must vanish for 
large spatial separations, for scattering states <p must 
satisfy outgoing or incoming wave boundary conditions 
for large spatial separations. 

Cutkosky's10 extensive calculation of nuclear poten­
tials using Heitler-London states provides valuable 
insight to the solution of these equations. He found that 
the basic Heitler-London state alone provides a good 
approximation to the deuteron. That is, <pk is small 
and <p is consistent with current suitably normalized 
phenomenological deuteron wave functions. For isospin 
one states, such as the incident xSo state of this calcula­
tion, his conclusion was that the excited Heitler-London 
plays an important role. I t was suggested that an 
adequate description of these states could only be 
reached by a solution of the equations for both ampli­
tudes <p and <pk. While the exact solution of the coupled 
equations is not possible, a reasonable approximation 

10 R. E. Cutkosky, Phys. Rev. 116, 1272 (1959). 
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is not difficult. Let us assume that an exact solution 
would correctly describe the lSo state. Then <p would 
closely resemble the phenomenological wave functions 
for this state. Our approximation is to assume for <p a 
suitably normalized phenomenological wave function, 
then a formal solution for the excited-state amplitude 
is given by 

<pk= -[2i(K+o>i-E)(5klT~*+Akl) 

+tkiU+UkiT-Wk<p=-GWk<p. (13) 

If this procedure were correct, then the solution of 
Eq. (11) including the recoupling of the excited-state 
amplitude, should reproduce the <p originally chosen. 
With the recoupling, Eq. (11) becomes 

(K-E+U-2kWktGWk)<p=0. (14) 

An equivalent criterion of the validity of our procedure 
is that the potential 

U-2kWJGWk 

be consistent with current phenomenological two-
nucleon potentials. While this potential is briefly 
discussed later, the main purpose of this calculation is 
not to calculate nuclear potentials, but to obtain a 
reasonable approximation to the excited-state amplitude 
<pk. We will take ^ to be a phenomenological wave 
function, and the excitation and propagation of the 
excited state will be treated in an approximation that 
corresponds to one meson being exchanged between 
the nucleons. This means that only the first term in the 
expansion of Wk is kept and the functions Uki and Aki 
are dropped. The neglect of these functions correspond 
to calculating effects of the excited meson only at its 
emission and absorption. The net results of these 
approximations are that we take, for the deuteron 
amplitude 

*>D=IVZ>, (15) 

where \pD is a phenomenological wave function for the 
deuteron, normalized to unity. And for the xSo final 
state we take 

<pk= -[_(K+m~E)T~*+U-]-Wk*, (16) 

where ^ is a phenomenological wave function that fits 
the n-p scattering data. The functions Wk and T are 
calculated only to first order in exchanged mesons. 

III. THE TRANSITION AMPLITUDE 

To first order in the electromagnetic interaction, and 
with the present approximation for the two-nucleon 
states, the capture transition amplitude is 

tDiT($\Jy\$)TrP+2ktDW(*\J7\$k)<pk. (17) 

The second term is the contribution of the excited 
Heitler-London state, and will be treated in the next 

section. We continue here with the first term. In the 
normalization factor, T = (1+^4)~1/2, A contains the 
one-meson-exchange corrections and is presumed small 
compared to one; we will use the approximation 
T^l — ^A. Further, the — \A will be kept only when it 
multiplies terms that involve no meson exchanges. 
Finally, the currents of exchanged mesons will not be 
calculated. Sugawara3 has calculated these contribu­
tions, and they are both small and incoherent with the 
classical current. The contribution of the basic Heitler-
London state, including terms up to one meson 
exchange, is 

UDK^~U)(p2\p2){plf\J,\Pl)aS{\~lA)yP 

+ iS^2>t(#2 ' | (H | p2)(pl' | diVy | pi)as 

+ (p2 | ajt I p2)(p{ I J7ax | px)a^. (18) 

A mixed notation is being used whereby the nucleon 
variables are explicitly displayed in some of the terms. 
The subscript as means to add the terms with ph p2 

interchanged, and with pi, p2 interchanged. In the 
last term, it is convenient to make a closure expansion 
between the operators afijy and J7ai; however, only 
the single-nucleon and the pi-nucleon scattering states 
will be kept in the closure expansion. When due account 
of the antisymmetry in the nucleon variables is taken, 
the first term of Eq. (18) is of the form 

( [ l - ^ ] ^ , / 7 [ l - ^ » , 

and the terms with the single-nucleon state in the 
closure expansion is of the form 

&DZJyA-AJy}l,). 

The sum of these, neglecting A2 terms, is 

(lfc>,A*), (19) 

which is the classical amplitude discussed by Austern 
and Rost.1 Using the nonrelativistic limit of the nucleon 
electromagnetic vertex this is 

/ d3x\pD(x) exp(—iyix)ix^(iJip—fjLn)fr-y 

Xe^(x) / (8 7 ) 1 / 2 , (20) 

where T3 is the isotopic spin operator for a nucleon, 
cr the spin operator, y and t are, respectively, the photon 
momentum and polarization vectors, and 7 is the 
photon energy.8 In all that follows the phase of the 
photon, exp(iy Jx), will be taken to be 1. The remaining 
contribution of the basic Heitler-London state is that 
from the pi-nucleon scattering state in the closure 
expansion 

\ E foHpJ I ai I p2){pi \ a? I gm)(gm \ J71 px)aa 
l.grn 

+ (P2 ) at I p2)(pif I Jy\ gm){gm \ ax \ p1)aaf. (21) 

The subscript as means to add the terms with ph p2 

and pi, p{ interchanged, but not to add any inter-
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N . 
(a) , 

(b) 

FIG. 1. Contribu­
tions of the basic 
Heitler-London state 
(a) The classical 
amplitude, (b) and 
(c) The one-meson-
exchange, scattering 
intermediate state 
contributions. 

(c) 

changes involving the nucleon variable g. The contribu­
tion of the classical current and these terms are illus­
trated diagramatically in Fig. 1, the dots represent 
vertex functions, the circles represent T-matrix 
elements. 

This part of the amplitude is now expressed in terms 
of matrix elements of the meson field operators and the 
photon current operator taken between physical 
nucleon states. These matrix elements are related to 
physical quantities by use of the identity 

where F ^ [ H i n t , « J . 
The no-nucleon recoil approximation will always be 

used whereby the kinetic energies of the nucleon are 
dropped in the energy denominators. These matrix 
elements are now easily recognized from the theory of 
scattering; (p2\ Vi\p2f) is the meson-nucleon renormal-
ized vertex form factor, (px | Vi \ gm) is the complex 
conjugate of the meson-nucleon elastic T matrix 
element, and (gm>\Jy\p\) is the photoproduction T 
matrix element. Since we are already restricted to non-
recoiling nucleons, these matrix elements can reasonably 
be taken directly from the Chew-Low-Wick fixed-source 
theory.11 There is a difficulty, though, in that the matrix 
elements needed here are not in the Lorentz frame 
where the nucleons are at rest. Our matrix elements, 
being in the essentially noncovariant Schrodinger 
picture, have a complicated Lorentz transformation 
related to that of the Low equation. We shall assume 
that the matrix elements are the same in all frames, 
and consider the error involved as part of the no-
nucleon-recoil approximation. 

In the static theory the vertex form factor is given by 

(p2\ 7i |#2 ,>= (2ir)^(p2+l-p,f)V{l) , 

where V(l) = i(2ooi)~1/2^i(r'lfv(l), f is the renormalized 
coupling constant and v(l) is the cutoff function. The T 
matrix is given as 

(pi\Vl\gm)=(2T)W(p1+l-g-m)Tl*(m), 

where 

— 2irv{J)v(m) Pa(m,l) exp(ida(m)) sin5«(w) 
Ti(m) = £ 

(cozcoj1/2 mh2 (m) 

and where the Pa are the projection operators of Refs. 
11. The magnetic dipole, isotopic vector part of the 
photoproduction matrix element is given approximately 
by11 

(ff*\Jy\pi)= fe-Mn)(2>(0)-1(^7/7)1/2r7Xe(m), (22) 

where the momentum conservation 8 function is under­
stood. 

A rough description of the term corresponding to 
Fig. 1 (c) is that the scattering state is excited on one of 
the nucleons by an exchanged meson, and the scattering 
meson is transformed into the final-state photon via the 
photoproduction T matrix. If the intermediate meson 
is in the resonant f-f scattering state, then the orbital 
angular momentum of the center of mass of the scatter­
ing state with respect to the other nucleon is uniquely 
two (which means that the two nucleons are pre­
dominantly in a relative 3Z)i state). The photoproduc­
tion process, in the magnetic dipole approximation, can 
then proceed only through the d state of the deuteron. 
The process corresponding to Fig. 1(b) cannot conserve 
isotopic spin if only the f-f resonant scattering state is 
included and will not be considered further. 

Because there is no dependence on the nucleon 
momentum other than the momentum conservation 
delta functions, this contribution to the transition 
amplitude is easily written in the relative coordinate 
representation, 

— i(jiP—Hn)l—j / dzoc^D{pc)I\p{x), (23) 

where 

/ = <Pld?m-
exp {i\ • X)<J2 * ITI2V (/) T-yX?1 (m) TV (m) 

(2c^)1/2coKco^+com) 

The superscripts on the spin and isotopic spin operators 
indicate which nucleon wave function they are to 
operate on. The "isobar" approximation will be used, 
which means replacing the a>m in the denominator by 
coo, the energy of the resonance. The angular integrals 
can be done without difficulty, and lead to the 
expression 

^Mp-Mn)^V-rXea3/2(97rV5)-1 

/•CO 

X drw(r)F(r)U(r), (24) 

where w(r) is the Z>-wave deuteron radial wave function, 
and 27(r) is the x5o initial-state radial wave function. 
The function F(r) is defined by 

11 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570,1579 (1956); 
and G. C. Wick, Rev. Mod. Phys. 27, 339 (1955). 

F=-
d2 

dr2 

1 d Co 

r drJ 1 

1 d CdH v2(l) 
— exp (il - x) 

2ir2 OOI2(OJI+O)Q) 
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V, 
FIG. 2. The contribution of the excited Heitler-London state to 

the capture amplitude. The box represents the propagation of the 
excited state through the nuclear potential. 

and a% is denned by the integral12 

' dm sin253(w) 
paz=\2 

o m2oomv2(m) 

IV. THE ROLE OF THE EXCITED STATE 

The excited state contributes to the capture ampli­
tude a term 

2A^Dt<*|/T|$fc>*fc, (25) 

where the normalization factors T have been set equal 
to one, and the excited-state amplitude is given formally 
by 

*>*= - (K+U+<ak-E)-Wrt. (16) 

The problem breaks into three separate parts: the 
excitation of the excited state, described by W^P', the 
propagation of the excited state, described by the 
Green's function (K+U+m—E)~l\ and the de-
excitation of the excited state by the interaction with 
the photon, given by ($\Jy\$k). A diagram is shown 
in Fig. 2. If the excitation is calculated up to one-meson 
exchange, Wu is given by 

Mp2k\Vi\p2f)(Pi\ Vi^)alo>r1+{o>l+m)-l~]. (26) 

The subscript as here means to add the terms with 
nucelon variables interchanged, but the meson variable 
k is not interchanged. By the same angular-momentum 
argument as used to describe the scattering intermediate 
state in the previous section, it is found that the meson 
in the excited Heitler-London state can be in the f-f 
resonant state with respect to one of the nucleons. Only 
this state will be calculated, and again the isobar 
approximation will be made whereby the o)k in the 
denominators of Eqs. (16) and (26) is replaced by coo, 
the energy of the resonance. In the relative nucleon 
coordinate representation, the excitation of the excited-
state amplitude is 

Wtf 
m 

= / exp(—il'X+i. 
J (2x>- —l 

x [ F K / ) W ) + F 2 ( - / ) r j ( - £ ) ] . (27) 

The angular momenta of the particles in this inter­
mediate state are very complicated and it is convenient 
to reject all but the dominant partial waves. Apart from 
the meson phase factor, exp(ik-Jx), the nucleons are 

in a zDh T=l state and the meson is in a p-w&ve state 
with respect to the center of mass of the two nucleons. 
The meson phase is expanded into partial waves, and 
only the s and d waves kept. (The p wave is of opposite 
parity and incoherent with the principal term.) From 
this the meson p wave with respect to the center of mass 
of the nucleons is kept, the nucleons are in a state which 
is a mixture of 35i and ZD±. In this approximation, the 
excitation is given by 

Wk+=f(k)H(rXj2+Uo-J2)Sn/±lk> ( a W ) ^ , (28) 

where 

/(*)= 
2if exp(idz(k)) sinS3(&) 

3kh(k) (2o)k) 1/2 

d2 1 d CdH exp ( i l - x ) / l 1 \ 
H(r) = / ( - + ) , 

dr2 r drJ 2ir2 coi \coz COI+COQ/ 

6*12 is the usual tensor operator, and jo and J2 are 
spherical Bessel functions of argument \hr. 

In the relative coordinate representation, and where 
the Green's function is a two-by-two matrix in the 
angular-momentum variable, it satisfies the radial 
equation 

-d2 1(1+1) 

\mdr2 
-U(r)+uo-E ) G ( r / ) = h(r-r'). (29) 

U(r) is the nuclear potential for the triplet-even states 
and is characterized by a large tensor potential, it is 
nondiagonal in the angular momentum and gives the 
coupling between 85 and ZD waves. An approximate 
solution for the Green's function is given in the next 
section, for the moment we will assume it known. 

The de-excitation of the excited state, to lowest order 
in meson exchanges, is given by 

<$ | J 7 | $*> = h{P* | P*)(PI I Jy I Plk)as , 

where the magnetic dipole photoproduction matrix 
element will be approximated by Eq. (22). In the 
relative coordinate representation, the contribution to 
the capture amplitude is 

(30) 

12 M. Cini and S. Fubini, Nuovo Cimento 3, 764 (1956). 

2(2TT)-3 / dzkd*x exp(ik- \x)ypD^(x)Jy
l{k)^k{x), 

where 

A 1 W = ( M p - M n ) ( 2 > ( 7 ) ) - 1 ( c o 7 / 7 ) 1 / 2 r _ T X e
1 * ( ^ ) . 

If the phase factor exp(ik-Jx) is calculated at resonance 
energy and expanded into partial waves, only the s and 
d waves being kept, then the angular integrations in 
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coordinate. In this representation, the radial Green's 
function satisfies 

FIG. 3. The contribution of the excited Heitler-London state 
to the nuclear potential. The box indicates that the nucleons move 
through the nuclear potential during the lifetime of the excited 
state. 

Eq. (30) may be done, resulting in 

C dr(UD,w)( ) 
Jo \V2/ 2 7 0 - 7 2 / 

where 

x[ dr'G{r/)( J" W ' ) t f ( r ' ) , 
Jo Vo—72/ 

(31) 

C=2ia 3 / 2 (^-M0^3V- r X£(7297r 2 T)- 1 / 2 . 

Notice that again only the d state of the deuteron 
contributes. The sum of (31) and (24) give the inter­
action effect, in the present approximations exclusively 
due to the §-§ resonant intermediate state. 

I t was remarked earlier that the recoupling of the 
excited state to the basic state contributes to the 
nuclear potential a term 

V'=-2kWktGWk. 

Since we have already calculated G and Wk, we can 
easily calculate this potential also. In our approxima­
tions we keep only the resonant §-§ pi-nucleon inter­
mediate state and this potential acts only in the T=l 
singlet even two-nucleon states. The potential corre­
sponds to the diagram of Fig. 3. Using the form (28) 
for the function Wk, the angular integrations are easily 
done resulting in 

27TT2 r \jo-J2/ rf 

(32) 

2i 2 \ f f ( r ' ) 

7o-72 

This is of course nonlocal and energy-dependent due 
to the Green's function. 

V. NUMERICAL RESULTS AND CONCLUSIONS 

The Green's function of the previous section is non-
diagonal in orbital angular momentum as well as in the 
radial coordinate. The Green's function can be approxi­
mately diagonalized (in the angular variables) by a 
transformation that diagonalizes the sum of the tensor 
and centrifugal potentials. A wave function in this 
representation is 

1 / cosa sma\/u \ 

r\ — sina cosa/ \w / 

where u and w are, respectively, the s and d radial wave 
functions^ and the angle a is a. function of the radial 

/ - < P fVa 0\ \ -

\mdr2 \ 0 Vj J 
) , (M) 

where some small nondiagonal terms have been dropped. 
This representation is fully discussed by Cutkosky,10 

where it is shown that the deuteron is essentially an 
eigenstate of the "a" potential and that the "b" 
potential is dominated by the centrifugal barrier. If 
Y(r) is the eigenstate of the "a" potential for the energy 
of the deuteron, then the s and d radial wave functions 
are given by 

u {f) = cosa (r) Y(r), w (r) = sina (r) Y(r). 

In Eq. (33) the wave number, k=i(m(E—coo—V))1/2 is 
large and imaginary, particularly for the repulsive F&. 
If Va is not too attractive, both potentials satisfy the 
condition 

and a WKB approximation is possible. This approxi­
mation gives the Green's function 

imk-Wtfk-wir') e x p f - j kdx) 

expf / kdx J — expf — / kdx J ; X r>r\ (34) 

where G is symmetric in r and r\ and a hard-core 
boundary condition is imposed at r=c. A "local" 
approximation to this Green's function is given by 

l-(l+2K)exp(-2K) 
Kr~rf) , (35) 

V-E+coo 

where K= fc
rkdr. 

The parameters of the pi-nucleon system are taken 
to fit the low-energy data; we take10 

/ 2 / 4 T T = 0 . 0 8 , W O = 2 . 1 , 

a 3 = 2 . 6 , F ( / ) - ( X 2 - l ) / ( X 2 + / 2 ) , X=7 . 

The nucleon-nucleon parameters needed are the 
incident wave function, the deuteron wave function, 
and the nuclear potentials Va and F&. The incident 
wave function is taken from Austern and Rost,1 who 
integrated the Schrodinger equation using the Gamel-
Thaler potential. I t is 

U(r)= l+0.04113r-1.7194 exp(~2.43r) r>c=®.28$ 
= 0 r<c, 

Y(r), the solution of the " a " Schrodinger equation is 
chosen as a modified Hulthen wave function, 

F(r) = iV(exp[—«(f—c)]—exp[—/3(r--c)]) r>c 
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FIG. 4. The poten­
tials Va and F& in 
units of fxc2 versus r 
in units of X,r=1.4 
X10-13cm. 

V 4-° 

importance of the inner regions of the nucleons is 
evident. Table I gives the interaction current ampli­

fy is chosen to give the correct binding energy and ft to 
give the correct effective range. Va is taken to fit the 
one-pion-exchange potential for r>l, and for r<\ is 
adjusted to both give the correct deuteron binding 
energy and not be so singular as to invalidate the WKB 
approximation. F& is taken from Ref. 10, in the inner 
region it is dominated by the centrifugal potential, in 
the outer region the perturbation calculation is expected 
to be valid. These potentials are shown in Fig. 4. a(r) is 
taken from Young and Cutkosky.5 In the outer region 
it matches the D state of Iwadare et a/.,13 in the inner 
region it is consistent with meson-theoretical calcula­
tions of the tensor potential, but adjusted to give 
several Z>-state probabilities. 

The WKB approximation, Eq. (34), is used for the 
" a " Green's function. Since Vb is so large and repulsive 
the local approximation, Eq. (35), is used for the "b" 
Green's function. The integrands of the two contribu­
tions to the capture amplitude are shown in Fig. 5, the 

FIG. 5. The integrands of the two contributions to the inter­
action current amplitude. The larger area is from the excited H-L 
state, the smaller area from the basic H-L state. 

TABLE I. The interaction effect expressed as percent of the 
classical amplitude for several values of PD-

PD 

5.9% 
6.4% 
6.9% 

Contribution of Contribution of 
the basic H-L the excited H-L 
state, Eq. (23) state, Eq. (31) Total 

1.05 
0.25 1.20 1.45 

1.70 

tudes. 
The local Green's function is used to calculate the 

contribution of the excited state to the nuclear potential. 
This potential is shown in Fig. 6, where it is compared 
to that calculated10 using a Green's function (wo)"-1. A 
velocity-dependent correction to the local approxima­
tion nowhere exceeds 4 % of the reduced mass and 

FIG. 6. Contributions 
to the singlet even po­
tential. (a) is that of 
the basic H-L state, (b) 
Contribution of the ex­
cited H-L state using 
G^axT1. (c) The dashed 
line is the contribution 
of excited H-L state 
using the local WKB 
Green's function. 

-2.0h 

13 J. Iwadare, S. Otsuki, R. Tamagaki, and W. Watari, Progr. 
Theoret. Phys. (Kyoto) 32, Suppl. No. 3 (1956). 

indicates that the local approximation shows the most 
important features of this potential. The contribution 
of the basic Heitler-London to the lS$ potential is also 
shown. The sum of these, besides having the correct 
long-range behavior, seem compatible with the ^ o 
wave function chosen. 

For a PD=6A% and a hard core at c=0.283, we 
obtain a total interaction of 1.45% to the amplitude, 
or 2.9% to the cross section. The interpretation of this 
result must be based on an understanding of the model 
used for the two-nucleon system. Only the pi-meson 
interaction was considered, and this was treated with 
the static-source theory. This nonrelativistic approach 
does not treat nucleon recoil effects systematically, and 
leaves out relativistic effects of the motion of the 
nucleons and nucleon antinucleon pairs. Further, only 
the f-f resonant scattering state was used, and only 
one-meson exchange terms were calculated. The model 
should be valid for low-energy problems and for effects 
involving the outer regions of the nucleon structure, 
when the nucleons are not much closer than about one-
pion Compton wavelength. 

The relativistic corrections to the nucleon currents 
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were calculated by Sugawara3 and were small, —0.5% 
of the amplitude. The inner region of the nucleon 
structure has not been completely neglected, because 
the classical currents of the whole nucleon have been 
phenomenologically included in the classical term of 
the amplitude. 

The two-meson exchange interaction currents were 
not calculated for several reasons. They are too difficult, 
and the calculation would be incomplete until more is 
known about the meson-meson interaction. The 
calculation of a similar matrix element,5 the magnetic 
moment of the deuteron, using this same model, gave 
the result that the two-meson exchange effects were 
small. This is encouraging to the hope that they would 
not be important in our case. 

This calculation gives an account of that part of the 
interaction effect due to the f-f scattering state. The 
result is about one third of that predicted by Austern 
and Rost,1 about one-half of that suggested by Partovi,14 

and about twice that calculated by Sugawara.3 The 
excited Heitler-London state gives the dominant effect, 

14 F. Partovi, Ann. Phys. (N. Y.) 17; 79 (1964). 

I. INTRODUCTION 

TWO qualitative features of high-energy scattering 
have been known for some time: (i) At a given 

energy the total cross section and the width of the dif­
fraction peak may not assume arbitrary values. The 
larger the total cross section the greater is the minimum 
number of partial waves required to build it up, which 
means a larger "radius" of the scattering object and 
consequently a narrower diffraction peak. An expression 
of such a relationship in the form of an inequality was 

* On leave of absence from Centro Brasileiro de Pesquisas 
Fisicas, Rio de Janeiro, Brazil. Work supported by a fellowship 
of the National Science Foundation. 

t On leave of absence from the European Organization for 
Nuclear Research (CERN) Geneva 23, Switzerland. The study 
was supported by the U. S. Air Force Office of Scientific Research 
Grant No. AF-AFOSR-42-64. 

the principal uncertainty of this contribution is in the 
source function, the strength with which the excited 
state is produced. Even in the one-meson exchange 
approximation this is large only for small internucleon 
separations, it is quite possible that other short-range 
interactions could increase the source function. In such 
a way the result could perhaps be doubled, with a 
consequent deepening of the potential. 

The general conclusion is that the single-meson 
excited Heitler-London state is important in T— 1 
states. This is particularly seen in the calculated 
potential, but not so much in the capture amplitude. 
While the present calculation does not seem to give a 
sufficiently large interaction effect, it does not rule out 
the possibility that with more information on the inner 
structure of nucleons an effect twice as great could be 
found. 
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given in a previous paper.1,2 (ii) For a given total cross 
section the width of the diffraction peak increases as 
one increases the total elastic cross section.1,2 

A rough estimate of the width A of the diffraction 
peak is indeed easily obtained from: 

2TT f° dt 2TT A A o-tot2 

*. i .=- / l /MI 2—«-l/feo) | 2—^ , (l) 

J-4*' 2k2 s 2k2 4 4TT 

which gives 

- « ( — ) . (2) 
A 4 4TT Wei./ 

In Sec. II , we give a precise meaning to such a rela-
1 A. Martin, Phys. Rev. 129, 1432 (1963). 
2 E. Leader, Phys. Letters 5, 75 (1963). 

P H Y S I C A L R E V I E W V O L U M E 1 3 5 , N U M B E R 4 B 24 A U G U S T 1 9 6 4 

Unitarity Bounds of the Scattering Amplitude and the Diffraction Peak 
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From unitarity alone a lower bound for the derivative of the absorptive part of the forward scattering 
amplitude with respect to the momentum transfer is obtained, in terms of the elastic and total cross sections. 
Comparison with high-energy scattering experiments shows that the actual value of this derivative is rather 
close to the lower bound, which provides some information on the partial-wave distribution. Our result can 
also be used to obtain consistency requirements on theoretical models. If Regge behavior is assumed for 
high-energy scattering, namely, F(s,t)^f(t)saV\ then one can show that either a! (0) ^ e>0 or a (t)= const. 


